Abstract. A compactness theorem is proved for a family of Kähler surfaces with constant scalar curvature and volume bounded from below, diameter bounded from above, Ricci curvature bounded and the signature bounded from below. Furthermore, a splitting theorem and some rigidity theorems are proved for Einstein-Maxwell systems.
introduction
A metric g on a manifold M is called Einstein if it's Ricci curvature is constant, i.e. Ric = σg.
The Einstein-Maxwell system was introduced as a generalization of Einstein manifolds which is the Maxwell equation coupled with the mass free Einstein's gravitational field equation. The first and second equations in (1.1) are the electromagnetic field equations (Maxwell equations) and F is the electromagnetic field intensity. Einstein Maxwell equations had been extensively studied in the literatures of both physics and mathematics (cf. [22] and references in it).
The convergence of Einstein manifolds in the Gromov-Hausdorff sense has been studied by various authors (cf. [2] , [1] , [3] , [8] , [29] etc). In [20] , the compactness of a family of Einstein Yang-Mills systems, which are special solutions to the EinsteinMaxwell equations, was studied. Inspired by an observation of C.LeBrun that all Kähler surfaces with constant scalar curvature can be considered as solutions to the Einstein-Maxwell equations, we are interested in the compactness of Kähler surfaces with constant scalar curvature. The main theorem is the following. Then a subsequence of (M i , J i , g i ) converges, without changing the subscripts, in the Gromov-Hausdorff sense, to a connected orbifold (M ∞ , J ∞ , g ∞ ) with finite singular points {p k } N k=1 , each having a neighborhood homeomorphic to the cone C S n−1 /Γ k , with Γ k a finite subgroup of O (n) . The metric g ∞ is a C 0 orbifold metric on M ∞ , which is smooth and Kähler off the singular points and has constant scalar curvature. Remark 1.3. If we replace the condition τ (M i ) ≥ −C by |W − | ≤ C, then the limit space is a smooth Kähler manifold with constant scalar curvature. Remark 1.4. This convergence result holds for Einstein-Maxwell systems with constant scalar curvature if we replace the condition τ (M i ) ≥ −C by a L n 2 -bound for the Riemannian curvature tensor. Moreover, if the underlying manifolds are of odd-dimension, then the limit space is a smooth manifold. This paper is organized as follows. Section 2 is devoted to present some basic properties of Einstein-Maxwell systems especially 4-dimensional manifolds. In section 3 we shall complete the proof of Theorem 1.2. In section 4, a splitting theorem is proved for odd-dimensional Einstein-Maxwell systems with Ric − η = 0. In section 5, some rigidity properties of Einstein-Maxwell systems are studied. In particular, we will show that a generic Kähler surface with constant scalar curvature and positive isotropic curvature must be biholomorphic to CP 2 with constant holomorphic sectional curvature.
Basic Properties of Einstein-Maxwell systems
Assume (M, g, F ) is an Einstein-Maxwell system. We rewrite the EinsteinMaxwell equations as follows:
Where η = −F •F , and f = R−|F | 2 is a smooth function on M , and
The Schur lemma states that if a Riemannian metric g satisfies Ric(g) =
1
n Rg for n ≥ 3, then the scalar curvature R is constant. Unfortunately, the generalized system (2.1) does not own this nice property. However, 4-dimensional Einstein Maxwell systems possess a privilege that the scalar curvature of g turns out bo be constant.
Lemma 2.1. Let M be a complete Riemannian manifold with a Riemannian metric g and F be a 2-form on M . Assume that (g, F ) satisfies the Einstein-Maxwell equations (2.1), then there is a constant C such that
When n = 4, the scalar curvature R of the metric g is constant.
When n = 2, |F | is constant. Moreover,if M is compact, then F = ±|F |dµ and
• Ric = 0. When n = 2 or 4, g has constant scalar curvature if and only if |F | is constant.
Proof. Taking covariant derivative to the first equation of (2.1) we get
and
where we have used the second equation of the Einstein-Maxwell equations (2.1) and the second Bianchi identity. Taking trace by g jk to both sides of equation (2.2), thus we have 1 2
On the other hand, taking trace of the first equation of (2.1) we have
and then take derivative, we have
Thus it is easy to see that
Consequently, there exists a constant C such that
In particular, if n = 4, we derive that the scalar curvature of the metric is constant. When n = 2, |F | is constant and F is harmonic. If furthermore M is compact, by Hodge theory, there is a unique harmonic form in each cohomology group up to scaling. There is an isomorphism
where H 2 is the space of harmonic 2-forms.
On the other hand, since M is 2-dimensional, by the Poincaré dual theorem,
Thus F = ±|F |dµ. In this case,
• Ric = 0. When n = 2, 4, the scalar curvature is constant if and only if the norm of F is constant.
We note here that this theorem can be interpreted from another point of view (cf. [22] ). Let M be a smooth manifold. Denote
In the category of compact Riemannian manifolds, Einstein-Maxwell equations can be interpreted as the Euler-Lagrange equations of this functional. In particular, when n = 4, |F | 2 dµ is conformal invariant, which implies that critical points of the above functional are just the critical points of the Yamabe functional, thus must have constant scalar curvature.
Suppose now that M is an oriented Riemannian 4-manifold and g is a Riemannian metric on M . The Hodge star operator * :
Where α, β ∈ Ω 2 M , (·, ·) g denotes the induced inner product on Ω 2 M and dµ g denotes the volume form of g. It is well known that * 2 = 1 Ω 2 . Then we have the decomposition of 2-forms into self-dual and anti-self-dual forms, defined to be the ±1 eigenspaces of the Hodge star operator. We denote them by Ω
respectively. Accordingly, the curvature operator Rm(g) decomposes as follows (cf. [4] ):
Where the trace free Ricci curvature
If M is compact, by Hodge theory that there is a unique harmonic form in each cohomology group up to scaling. Then there is an isomorphism
where
The signature τ of M is defined by
The Hirzebruch signature theorem tells us that
We present a simple lemma for 4-manifolds first.
Lemma 2.2. Let F be a harmonic 2-form on a 4-dimensional oriented manifold M, then
where F + and F − denote the self-dual part and the anti-self-dual part of F respectively.
Proof. Fix a point x ∈ M and choose local coordinates such that g ij = δ ij and F has been skew-diagonalized at x, with out loss of generality, we may assume
It is easily to compute that
On the other hand,
Then we have
Finally we have the identity
For any Kähler surface,
. In particular, if the Kähler metric is of constant scalar curvature R, then the self-dual Weyl tensor W + can be written as Based on the above discussion, we have the following easy corollary. . From the Gauss-BonnetChern formula and Hirzebruch signature formula, we have
As we have shown that the Einstein-Maxwell equations on a 4-manifold imply the scalar curvature is constant. On the converse, a remarkable observation by C.LeBrun (cf. [22] ) asserts that any Kähler metric with constant scalar curvature on a Kähler surface can be interpreted as a solution of the Einstein-Maxwell equations. • ρ. As we have shown that
On the other hand, since the metric has constant scalar curvature, the second Bianchi identity implies d * ρ = 0.
Thus we have proved that (g, F a ) is a solution to Einstein-Maxwell equations.
Given tensors ξ and ζ, ξ * ζ denotes some linear combination of contractions of ξ ⊗ ζ in this section. F ) is a solution to the Einstein-Maxwell equations (2.1). Let u : U → R n be a harmonic coordinate of the underlying manifold M. Then in this coordinate, g and F satisfies
Convergence of Kähler surfaces with constant scalar curvature
In this section we are going to prove a convergence theorem for Kähler surfaces with constant scalar curvature. As we have shown that every Kähler surface with constant scalar curvature can be considered as a solution to the Einstein-Maxwell equations. Then we can use elliptic estimates to the Maxwell equations to obtain the regularity of the metric.
Before we prove the convergence theorem, we shall review two propositions firstly. 
, such that for any 1 < p < ∞, one can obtain a δ, σ, W 2,p adapted atlas on the union U of those balls B (r) satisfying
More precisely, on any B (10δ) ⊂ U , there is a harmonic coordinate chart such that for any 1 < p < ∞,
A local version of the Cheeger-Gromov compactness theorem (cf. Theorem 2.2 in [1], Lemma 2.1 in [2] and [16] ) is the following. Proposition 3.2. Let V i be a sequence of domains in closed C ∞ Riemannian manifolds (M i , g i ) such that V i admits an adapted harmonic atlas δ, σ, C l,α for a constant C > 1. Then there is a subsequence which converges uniformly on compact subsets in the C l,α
Now we are ready to prove the compactness theorem 1.2.
proof of Theorem 1.2. As we discussed in section 2, for any Kähler surface with constant scalar curvature, a lower bound of the signature τ (M i ) gives an upper bound for the L 2 -norm of the Weyl tensors. This together with the condition |Ric gi | ≤ Λ and diam Mi ≤ D gives us a bound of L 2 -norm for the curvature tensor. In fact, using Bishop volume comparison theorem (cf. [12] for example), we get an upper bound for the volume of M i , 
From Proposition 3.1 and Proposition 3.2, Theorem 2.6 in [2] , there is a subsequence of (M i , g i ) converges to a Riemannian orbifold (M ∞ , g ∞ ) with finite isolated singular points in the Gromov-Hausdorff sense. Furthermore, g i converge to g ∞ in C 1,α topology on the regular part in the Cheeger-Gromov sense. Similar as the proof of Theorem 1.1 in [20] , we will use the Einstein-Maxwell equations under the harmonic coordinates to get the regularity of the metric.
Set
• ρ i , where ω i is the Kähler form corresponding to g i , then (g i , F i ) satisfies the Einstein-Maxwell equations,
which is uniformly bounded since the Ricci curvature of g i are uniformly bounded. Similar as the proof of Theorem 1.1 in [20] , for a given r > 0, let {B i x k (r)} be a family of metric balls of radius r such that {B
where ǫ = ǫ (Ω, v, D, n, C 0 ) > 0 is obtained in Proposition 2.4 in [20] for a constant C 0 > 1. So G i (r) are covered by a δ, σ, W 2,p (for any 1 < p < ∞) adapted atlas with the harmonic radius uniformly bounded from below. In these coordinates we have W 2,p bounds for the metrics, i.e.
And then follows
And the Sobolev embedding theorem tell us that the C 1,α -norm of g i is uniformly bounded for all 0 < α ≤ 1 − n 2p .
On the other hand, since |Ric gi | ≤ C and diam Mi ≤ D, from the volume comparison theorem we know that the volume of M i is uniformly bounded. Since here
for some constant C. By applying L p -esimates for the elliptic differential equations (cf. [14] ) to (2.4)
by the soblev embedding again. From
and the fact R(g i ) is constant, we know that
Now use the Schauder estimate for elliptic differential equations to (2.1) we can obtain 
Remark 3.3. In particular, if all the anti-self-dual weyl tensors are uniformly bounded, i.e. |W − | ≤ C for some constant C, then the limit space is smooth and Kähler.
A splitting theorem for Einstein-Maxwell systems
At first we mention that η = −F • F is nonnegativly definite. If the function f in the Einstein-Maxwell system is lower bounded by a positive constant C, then Ric = η + f g ≥ C > 0, thus M is compact and has finite fundamental group. Now we try to examine the case of R − |F | 2 = 0. In this situation, Ric = η ≥ 0. Thanks to Böhm and Wilking's work on nonnegatively curved manifolds (cf. [5] ), we obtain a splitting theorem for the Einstein-Maxwell systems with nonnegative sectional curvature. Although the Ricci Yang-Mills is a natural geometric flow related to the Einstein-Maxwell systems (cf. [27] , [30] ), we shall use the Ricci flow instead of Ricci Yang-Mills flow since the Einstein-Maxwell system with f = 0 is static under the Ricci Yang-Mills flow and we get nothing.
Recall the Ricci flow is a system which evolves the metrics under their Ricci direction, i.e.
It is now well known that the nonnegativity of Ricci curvature is non preserved under Ricci flow (cf. [5] , [21] , [25] ). Using Hamilton's maximum principal (see [19] , [10] , [11] ), Böhm and Wilking constructed an invariant subset and obtain that the nonnegativity of Ricci curvature is preserved in a short time interval if the initial manifold is compact and with nonnegative sectional curvature. Now we use the Uhlenbeck's trick(cf. [12] ). Let (M, g(t)) be a solution to the Ricci flow. Suppose ι 0 : E → T M is an isomorphism from the vector bundle E to the tangent bundle T M . Define a 1-parameter family of bundle isomorphisms
Let {e a be a frame of E and h = ι(t) * g(t). It is easy to compute that h is independent of t. Now we state our splitting theorem as following. Then the universal coveringM splits off a line, i.e.M = N × R with product metric and N is an 2n-dimensional manifold with a metric of nonnegative sectional curvature.
Before we prove this theorem, we need a lemma first. Proof. At any point p ∈ M , we can choose local coordinates such that the matrix of F is skew-diagonalized at p as follows, 
. . .
It is easy to see η is nonnegatively definite and has a zero eigenvalue. Since η is smooth, the eigenvector field with respect to zero is smooth.
Now we are ready to prove the splitting theorem.
Proof of Theorem 4.2. Using Uhlenbeck's trick, we consider the Ricci flow start with (M, g). Choose orthonormal frame {e a } for E such that ι * (t)Ric(t) are diagonalized. Under (4.1),
Choose H > 0, and consider the modified Ricci tensor Ric(t) . = e tH Ric(g(t)). 
Rigidity theorems for Einstein-Maxwell systems
In this section, we shall use the Bochner formula to obtain some rigidity theorems for Einstein-Maxwell systems.
) is a n-dimensional compact Riemannian manifold. Let T = Rm−λI ∈ Γ( 2 T * M E), where λ ∈ R is a constant. If d * Rm = 0, then for any q > n/2, there exist a constant C(n, q, λ, C S ) > 0, so that |T | ≤ C(n, q, λ, C S ) T q And there is 0 < ǫ(n, λ, C S ) < 1, such that if T n/2 ≤ ǫ, then
Where C S is the Sobolev constant.
The Bochner technique implies that an Einstein-Maxwell system with positive curvature operator must be an Einstein manifold with F = 0 since F is a harmonic form (cf. [24] ).
From the observation above and lemma 5.1, we have the following rigidity theorem which is a generalization of Einstein manifolds. Proof. The positive lower bound for the Ricci tensor gives an upper bound for the diameter by virtue of Myers' theorem. Thanks to Gromov and Gallot [13] we know that upper diameter bounds and lower Ricci curvature bounds give bounds for C s . Then by lemma 5.1, the curvature operator has eigenvalues close to λ > 0 and hence are all positive for small ǫ.
Thus by the observation above and Tachibana's theorem ( [28] ), which states that a compact oriented Riemannian manifold with d * Rm = 0 and Rm > 0 must have constant sectional curvature. ∇F = 0 implies d * Rm = 0. Then the theorem follows easily.
S.Goldberg and S.Kobayashi in [15] proved that a compact Kähler-Einstein manifold with positive orthogonal bisectional curvature has constant holomorphic sectional curvature. We can extend this theorem to Kähler Einstein-Maxwell systems with positive quadratic orthogonal bisectional curvature. A Kähler EinsteinMaxwell system is an Einstein-Maxwell system (M, g, F ) with the metric g a Kähler metric and F a harmonic (1, 1)-form.
In [18] , Gu and Zhang proved that if a Kähler manifold has nonnegative orthogonal bisectional curvature, then all harmonic (1, 1)-forms are parallel. Using the standard Bochner technique, A.Chau and L.Tam [7] generalized this result to Kähler manifolds with nonnegative quadratic orthogonal bisectional curvature. Lemma 5.3 (cf. [7] , [18] ). If (M, g) has nonnegative quadratic orthogonal holomorphic bisectional curvature, then all harmonic (1, 1)-forms are parallel. If p = q, and ξ is real, then we may take √ −1̺ is real.
Based on these results, we have the following theorem. Proof. By the theorem of A.Chau and L.Tam, it is easy to know that F is parallel since F is harmonic. Thus we have that |F | is constant and then the scalar curvature R is a positive constant thanks to lemma 2.1. Since the nonnegativity of quadratic orthogonal holomorphic bisectional curvature implies R ≥ 0. We also know that η is parallel, so do Take trace of both sides, we get 1 2 ∆h = ∆ ∂ h = R − nκ.
The maximum principal gives us that h is constant and g is a Kähler-Einstein metric Ric = 1 n Rg.
Thus the solution (g, F ) to Einstein Maxwell equations reduce to an Einstein metric and a harmonic form. By using the theorem of S.Goldberg and S.Kobayashi, we know that (M, g) has constant holomorphic sectional curvature.
S.Brendle [6] showed that if (M, g) has nonnegative isotropic curvature and Hol 0 (M, g) = U (n), then (M, g) has positive orthogonal bisectional curvature.(also see [26] .) By Theorem 2.1 and Corollary 2.2 in [18] , a Kähler manifold with positive orthogonal holomorphic bisectional curvature must have b 1,1 (M ) = dim H 1,1 (M ) = 1 and C 1 (M ) > 0. In particular, all real harmonic (1, 1)-forms are parallel. Combining these with theorem 1.9 in [9] , we have the following corollary.
Corollary 5.6. Assume (M, g) is a smooth oriented closed manifold with real dimension 2n ≥ 4, and F is a 2-form such that (g, F ) is a solution to the EinsteinMaxwell equations. If (M, g) has nonnegative isotropic curvature and Hol 0 (M, g) = U (n), then M is biholomorphic to CP n and g has constant holomorphic sectional curvature.
We mention here that the condition Hol 0 (M, g) = U (n) means g is a generic Kähler metric. A rigidity theorem for generic Kähler surface with constant scalar curvature follows.
Corollary 5.7. Let (M, g) be a smooth oriented compact 4-manifold with constant scalar curvature. If (M, g) has nonnegative isotropic curvature and Hol 0 (M, g) = U (2), then M is biholomorphic to CP 2 and g has constant holomorphic sectional curvature.
